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Abstract: We review the prediction of inflation and the constraints on inflationary
models coming from recent observations.
1. Introduction
Inflation is a period of exponential expansion of the scale factor of our universe, supposed
to have taken place before the standard hot Big Bang cosmology. It is necessary to explain
the homogeneity, isotropy and flatness of the present universe and also the absence of
unwanted relics, some of the questions not solved by the standard picture [1].
1.1 Generic predictions
The inflationary paradigm, independently of the specific model, makes very powerful pre-
dictions [1]:
• the universe is flat with very high precision, i.e. the total energy density is equal
to the critical one, Ωtot = 1; in fact during slow roll inflation, when the scale factor
a(t) ∝ eHt, with practically constant Hubble parameter H = a˙/a, we have
1
Ωtot(tend)
= 1−
(
1− 1
Ωtot(tin)
)
e−2N , (1.1)
so that the total energy density tends exponentially towards the critical density for
large e-folding number
N =
∫ tend
tin
Hdt ≥ 60 ; (1.2)
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• in the simple single field case, the primordial perturbations are gaussian and adia-
batic; the gaussianity is related to the fact that the perturbations are originated by
the quantum fluctuations of the inflaton, and it is the reason why all the information
on the perturbations is encoded in their power spectrum;
• the spectrum of the perturbations is nearly scale invariant due to the slow rolling of
the inflaton field, and the deviation from scale invariance are a characteristic of the
model, as we will see.
1.2 Model–dependent predictions
In the simplest implementation, a model of inflation consists in a scalar potential V (φ) for
the inflaton field φ satisfying slow roll conditions [2]:
ε =
1
2
M2P
(
V ′
V
)2
≪ 1 (1.3)
|η| = M2P
∣∣∣∣V
′′
V
∣∣∣∣≪ 1 (1.4)
where MP = 2.4 × 1018GeV is the reduced Planck mass and the prime denotes derivative
with respect to the field φ.
The quantum fluctuations of the inflaton field on the classical background generate
a primordial gaussian perturbation of the curvature tensor, which can be the origin of
the large scale structure in the Universe. The point of contact between observation and
models of inflation is the Fourier transform of the perturbation in comoving momentum
space, or more precisely its power spectrum PR(k), which, in the slow roll approximation
3Hφ˙ ≃ −V ′, is given in terms of the inflaton potential V (φ) by
PR(k) = 1
12π2M6P
V 3
V ′2
∣∣∣∣
k=aH
, (1.5)
where the potential and its derivatives are evaluated at the epoch of horizon exit k = aH.
To work out the value of φ at this epoch one uses the relation
ln
(
kend
k
)
≡ N(k) =M−2P
∫ φ
φend
V
V ′
dφ , (1.6)
where N(k) is the actual number of e-folds from horizon exit of the scale k to the end
of slow-roll inflation. The e-folding number at the scale explored by the COBE DMR
experiment [3] measuring the cosmic microwave background radiation (CMBR) anisotropy,
N(kcobe), depends on the expansion of the Universe after inflation in the manner specified
by:
N(kcobe) ≃ 60− ln(1016GeV/V 1/4)− 1
3
ln(V 1/4/Treh) . (1.7)
In this expression, Treh is the reheat temperature, and instant reheating is assumed.
Given the above relations, the observed large-scale normalization measured by COBE
DMR [4]
2
5
P1/2R = δH(kcobe) = 2.1× 10−5 (1.8)
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provides a strong constraint on models of inflation.
Another important information is contained in the scale-dependence of the spectrum,
defined by the, in general, scale-dependent spectral index n;
n(k)− 1 ≡ d lnPR(k)
d ln k
. (1.9)
From observations, we know that n is very near to one. According to most inflationary
models, n has very small variation on cosmological scales, since
dn(k)
d ln k
∝ (n(k)− 1)2 ≪ 1 ; (1.10)
then we can write the power-law formula PR(k) ∝ kn−1, which reduces to the scale-
invariant Harrison-Zeldovich form for n = 1. But in general the dependence on the scale
can be much stronger.
From (1.5) and (1.6),
n− 1 = 2M2P (V ′′/V )− 3M2P (V ′/V )2 , (1.11)
and in all models where inflation takes place near a (local) maximum or minimum of the
potential, (1.11) is well approximated by
n− 1 = 2M2P (V ′′/V ) . (1.12)
We see that the spectral index measures the shape of the inflaton potential V (φ), being
independent of its overall normalization. For this reason, it is a powerful discriminator
between models of inflation.
Analogously to the scalar perturbations, also tensor perturbations are generated by
the quantum oscillations of the inflaton field. For those, the power spectrum is given by
Pgrav(k) = V
6π2M4P
∣∣∣∣
k=aH
(1.13)
and the spectral index is
ngrav(k) =
d log(Pgrav)
d log(k)
∣∣∣∣
k=aH
= −2ǫ . (1.14)
Note that the power spectrum of tensor perturbations is much smaller than the scalar
one, since we have
Pgrav(k)
PR(k) = ǫ≪ 1 ; (1.15)
this gives for the CMBR anisotropy the tensor to scalar ratio at low ℓ [5]
r ≡ C
grav
ℓ
CRℓ
≃ 12.4 ǫ . (1.16)
The tensorial contribution to the CMBR anisotropy, present at large scales, is for this
reason subdominant or even completely negligible for models with very small ǫ, as those
we will consider.
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Tensor perturbations can be detected independently from the scalar one through the
polarization of the CMBR [6] or through gravitational waves (but their level are unfortu-
nately well below the present and future experimental sensitivities of gravitational waves
detectors [7]).
We will describe in the next section as examples a couple of models of inflation and
then review the present constraints.
2. Models of inflation, some examples
Let us now describe in particular hybrid inflation [8]. It is a two-field model, where one of
the fields is the inflaton and the second, the hybrid field, is responsible of a phase transition
at the end of inflation, but is static during inflation.
The scalar potential for this kind of model
φ
σ
(φ,σ)V
v
−v
Figure 1: Potential for hybrid inflation.
looks like
V (φ, σ) = κ(σ2−v2)2+κ′φ2σ2+Vφ(φ) ; (2.1)
during inflation φ2 ≥ 2κκ′ v2 and the hybrid
field is stabilized at the origin, so that the
potential driving inflation, is
V (φ, 0) = V0 + Vφ(φ) , (2.2)
with V0 = κv
4; this expression has to be con-
sidered to compute the power spectrum and
spectral index, as described in the previous
section. Different hybrid inflationary models
arise depending on the choice of Vφ(φ). The
typical shape of the hybrid inflationary potential is shown in Fig. 1, while some prediction
for the spectral index on different models are shown in Table 1.
We will describe in the following a couple of examples of hybrid inflation constructed
within local supersymmetric theories. While supersymmetry is a vital ingredient at low
energy for solving the hierarchy problem and stabilizing scalar masses, it could seem un-
necessary to invoke it during inflation, especially since such symmetry is explicitely broken
by the large effective cosmological constant responsible of the inflationary phase. It turns
out anyway that supersymmetry brings many advantages also to inflationary model build-
ing, not only stabilizing the inflaton potential and its small parameters, but also providing
many scalars as inflaton candidates, in particular the flat directions of the scalar potential.
Moreover, if we assume low energy supersymmetry, as required by the hierarchy problem,
it should certainly not be neglected at the large scale when inflation takes place.
However, we must not forget the fact that the inflationary vacuum energy breaks
strongly supersymmetry and that supergravity corrections can play an important role [2].
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1 + Vφ(φ)/V0 n− 1 dn/d log(k) Origin of the slope
1− λ24π2 log
(√
2λφ
Q
)
−1
N+
2pi2φ2c
λ2M2
P
−1(
N+
2pi2φ2c
λ2M2
P
)2 1 loop for spont. broken susy
1± 12
m2
φ
V0
φ2 ±m
2
φ
M2
P
V0
0 Susy breaking mass
1± β φMP −3β2 0 Susy breaking linear term
1± φ4
M4
P
12
M2
P
2φ2c
∓N
∓12(
M2
P
2φ2c
∓N
)2 Sugra quartic term
Table 1: Various models of hybrid inflation and their prediction for the spectral index as a function
of N = − log(k/kend) and its derivative, assuming small field values. In the case of the simple linear
term, n − 1 is given by the full expression (1.11) since η vanishes, but note that in supergravity
generally, other contribution to the spectral index coming from higher order terms are usually
present and can be larger than the one listed here [9].
2.1 Linear term hybrid inflation in supergravity
We will consider a model of inflation with superpotential [9]
W = λT
(
M2G −Σ2
)
+M2S(β + S) , (2.3)
where T, S and Σ are chiral superfields. The second part of the superpotential is the Polonyi
potential [10] and allows for supersymmetry breaking in the true vacuum with vanishing
cosmological constant for β ≃ (2−√3)MP . MS is then the supersymmetry breaking scale,
yielding the gravitino mass m3/2 ≃M2S/MP .
For global supersymmetry the scalar potential reads
V = λ2|M2G − Σ2|2 + 4λ2|T |2|Σ|2 +M4S , (2.4)
and it is of the hybrid inflationary type, even if perfectly flat along the T and S directions.
A small curvature needed for the ‘slow roll’ along the T direction is generated by many
contributions, e.g. quantum corrections due to the loops of the Σ particles [11], and also
supergravity corrections.
For large T and zero Σ the dominant corrections to the potential give [9]
V (φ) = λ2M4G
[
1− 2
√
2ξ
β φ
M2P
+
φ4
4M4P
+
λ2
8π2
log
(
2λ2φ2
µ2
)
+ ...
]
. (2.5)
where ξ = M2S/(λM
2
G) ≪ 1, the first two terms come from supergravity corrections, and
the last from one loop radiative corrections. The three terms in the potential compete
and depending on the parameters λ, ξ and MG, different regimes can be realized. In all
cases we have a viable model of hybrid inflation and we can fix one of the three parameters
using the COBE normalization (1.8). Taking the supersymmetric scale MS to be in a
phenomenologically acceptable range for low energy supersymmetry, MS = 1.4× 1010GeV
the parameter space is shown in Fig. 2.
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We see that the linear term domi-
1015 1016 1017
10−6
10−5
10−4
10−3
10−2
λ
Quartic
regime
MG (GeV)
Linear regime
Loop
regime
Figure 2: The three regimes of hybrid inflation: the
loop regime, the linear regime and the quartic regime.
The COBE normalization defines a curve (full line)
in the λ−MG - plane for MS = 1.4× 1010GeV . The
dashed lines are obtained by keeping only the domi-
nant term in the inflaton potential.
nates for small couplings and smallMG,
and in that regime, from the COBE nor-
malization (1.8), one obtains,
1
2
√
150π
M2S
ξ2βMP
= 2.1 · 10−5 . (2.6)
For MS ≃ 1010GeV, this gives
ξ ≡ M2S/(λM2G) ≃ 10−6. Note, that
ξ is the ratio of the gravitino masses in
the true vacuum and in the inflationary
phase. Since ξ ≪ 1, slow-roll condi-
tions are well satisfied for φ ≃ φc, and
the spectral index is
n− 1 ≃ 3 φ
2
∗
M2P
≤ 2.4 · 10−4 . (2.7)
An inflationary phase dominated by a
linear term is very interesting, since it
gives a scale invariant spectrum to high
accuracy. For standard hybrid inflation, on the contrary, one has n ≃ 0.98 [11]. Future
satellite experiments may eventually be able to distinguish between these two regimes of
hybrid inflation.
2.2 Mass term hybrid inflation
In case the inflaton transforms under a discrete or continuous symmetry, the linear term
in the potential vanishes due to the symmetry and the lowest order term in the scalar
potential lifting a flat direction is a mass term. We have in that case
Vφ(φ) =
1
2
m2φ2 + ... ; (2.8)
the dots are higher order terms who can become important at large field values.
Many models of this type, based on supersymmetric extensions of the Standard Model
have been considered, starting with [12]. These models can have many different feature,
depending on the particular implementation, see [2] for a review. For example, it has been
recently realized, that in this class of models inflation can take place even at very low
scales [13], softening the problem of realizing an inflationary epoch in the case of large
extra-dimensions when the Planck mass is of order of the TeV scale.
Another interesting signature is the peculiar strong scale dependence of the spectral
index, that appears in the case of large one loop quantum corrections to the inflaton
potential [14]. Resumming those terms into the inflaton mass, we have in the potential the
running mass m(φ):
Vφ(φ) =
1
2
m2(φ)φ2 + ... ; (2.9)
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so that, assuming the end of inflation is set by the beginning of fast roll, the spectral index
is given by [15]
n(k)− 1
2
≃ m2(φ)
∣∣
k=aH
= s
(
k
kcobe
)c
− c ; (2.10)
where s is an integration constant related to φend, c ∝ dm2d log(Q) is proportional to the beta-
function of the inflaton mass. We see that the scale dependence of the spectral index is
in this case pretty strong (a power-law, but for the spectral index itself not the power
spectrum !).
3. Comparison to observations
To obtain information about the primordial power spectrum and so on inflation, it is neces-
sary to follow the perturbations from the inflationary to the present epoch and compare the
processed spectrum to the observed one. Unfortunately, the evolution of the perturbations
depends on the background cosmology and therefore on the cosmological parameters, i.e.
the present Hubble parameter in units of 100 km/s/Mpc, h, the total energy density, Ωtot,
the matter density ΩM and the nature and composition of Dark Matter, the baryon den-
sity Ωb. It is for this reason not so straightforward to gain information on the primordial
spectrum, without any assumption on the cosmology, or as it is usual said, without biases.
On large scales, below the size of the present horizon ≈ 3000Mpc down to around
10Mpc, information on the power spectrum is provided by the CMBR anisotropies, on
smaller scales, about 100–1Mpc information comes instead from the visible matter power
spectrum. During radiation dominance, due to the presence of pressure, the perturbations
could not grow nor reach the instability regime and the dynamics was just an oscillation
in the radiation plasma; the CMBR anisotropies are a snapshot of this period and they
provide us with the cleanest signal. In fact, the dynamics of the plasma at that epoch is
well understood and nowadays powerful computer codes like CMBFAST [16] are available
to the scientific community to compute the CMBR anisotropies specifying the initial con-
ditions and compare them to observations. On the other hand extracting the primordial
power spectrum from the present matter power spectrum is more complicated since such
perturbation reached the non-linear regime and underwent gravitational collapse.
3.1 CMBR observations
This year three new experimental measurements of the CMBR anisotropy were completed,
providing the first view of three acoustic peaks in the CMBR spectrum [17, 18, 19].
The analysis of these data in order to extract the cosmological parameters have been
performed, both for the single data sets, [20, 21, 22], and for the combined data [23],
including also Maxima, Boomerang, Dasi and CBI [24]. All the analysis give results that
are in good agreement with the general prediction of inflation:
• the position of the first peak of the CMBR is a direct measurement of the geometry
of our universe and give a very clear indication that the spatial curvature is vanishing
– 7 –
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in accordance with the inflationary prediction; the total energy density as inferred
from the CMBR only [23] is:
Ωtot = 1.06
+0.13
−0.59 . (3.1)
As we can see, the precision of the measurement is not very high, due to degeneracies
between the cosmological parameters, but imposing even weak biases on the values
of some parameters or considering also large scale structure data, reduces strongly
the uncertainties:
Ωtot Bias Data and reference
1.04+0.11−0.12 h > 0.45, τc < 0.4 DMR & DASI [20]
0.90+0.18−0.16 0.4 < h < 0.9, ΩM > 0.1, t0 > 10 Gyr DMR & MAXIMA-I [21]
1.02+0.10−0.10 0.45 < h < 0.85, t0 > 10 Gyr DMR & BOOMERANG [22]
1.00+0.06−0.06 h = 0.72 ± 0.08 PSCz & combined CMBR data [23]
Table 2: Results for the total energy density of the universe with different biases and datasets.
The errors correspond to 95% CL. For the third line [22], the error is obtained reading Fig. 4.
• it seems also that the curvature perturbations are compatible with a primordial spec-
trum gaussian [25] and adiabatic [26], so that we can conclude that the single field
slow roll inflation does give a good fit to the present observations;
• a nearly scale invariant primordial spectrum PR(k) ∝ kn−1 with n ≃ 1 is a good fit
of the data, as we will see below in more detail;
• note also that the new CMBR observations are in very good agreement with other
independent measurements, e.g. with the value of the baryon density obtained from
Nucleosynthesis, Ωbh
2 = 0.020 ± 0.002 [27], and the determinations of the matter
density from astrophysical observations [28]. The data seem also to prefer very low
values for the hot dark matter density [23].
On the other hand, present data are much less powerful in discriminating between
different models. For the spectral index we have in fact still a pretty wide allowed interval,
containing most slow-rolling models, even after imposing constraints on the cosmological
parameters:
n Bias Data and reference
1.01+0.16−0.11 h > 0.45, τc < 0.4 DMR & DASI [20]
0.99+0.14−0.14 0.4 < h < 0.9, ΩM > 0.1 , t0 > 10 Gyr, τc = 0 DMR & MAXIMA-I [21]
0.97+0.18−0.18 0.45 < h < 0.85, t0 > 10 Gyr DMR & BOOMERANG [22]
0.93+0.13−0.10 h = 0.72 ± 0.08 PSCz & CMBR data [23]
Table 3: Results for the spectral index using different biases and datasets. The errors on n
correspond to 95% CL, and again for [22], the 95% CL interval is obtained from Fig. 4.
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One of the problems of extracting n is due to the degeneracy with the optical depth
to the surface of last scattering τc; such degeneracy can be reduced modeling reionization
and estimating τc from the power spectrum itself [15].
In all these analysis, the primordial power spectrum is assumed to be a power-law with
a constant spectral index. This is a reasonable assumption for many inflationary models,
but it leaves unanswered an important question, i.e. how large is the scale dependence in n
allowed by the data. Two groups have studied this kind of constraints, but unfortunately
have not yet up-dated their analysis to consider the latest data. In [15] the specific scale
dependence of running mass models given by eq. (2.10) has been compared to observations
and constraints on the values of the s and c parameters have been obtained, e.g. −0.31 ≤
s ≤ 0.21 and −0.21 ≤ c ≤ 0.15 at 95% CL. The analysis in [29, 30] relies instead in
a Taylor expansion of the power spectrum as a function of log(k), truncated after the
first derivative of the spectral index. Using not only CMBR and LSS data, but also
linear matter power spectrum from Ly-α forest spectra, [30] obtained the strong constraint
−0.05 ≤ dnd log(k) ≤ 0.02 at the 2σ level.
4. Conclusions
We have seen that the single field inflationary paradigm is very successful in describing
present observations, but unfortunately the precision of the present data is not yet suffi-
cient to discriminate between the explicit models. To extract information on the primordial
power spectrum from the CMBR is necessary to exploit all our knowledge of the cosmo-
logical parameters in order to reduce the degeneracies.
It is foreseeable that in the future a much better determination of the spectral index n
will be achieved, thanks both to more precise satellite experiments like MAP [31] and to the
improvement of the measurements of the cosmological parameters by other astrophysical
methods.
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